
Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: tertium
p ∨ ¬p

Derivation in MJcr

Ax·; ·; p→0 p;⊥
ReLf

p⇒ ⊥; p
R⊃· ⇒ ¬p; p
Rest· ⇒ p;¬p
R∨· ⇒ p ∨ ¬p; ·
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Translation in MJc

Ax
p, p⊥, ⊥⊥, ¬p⊥, (p ∨ ¬p)⊥; p→0 p

LC0

p, p⊥, ⊥⊥, ¬p⊥, (p ∨ ¬p)⊥ ⇒ p
RC

p, p⊥, ¬p⊥, (p ∨ ¬p)⊥ ⇒ ⊥
R⊃

p⊥, ¬p⊥, (p ∨ ¬p)⊥ ⇒ ¬p
RC

¬p⊥, (p ∨ ¬p)⊥ ⇒ p
R∨+

· ⇒ p ∨ ¬p

The rule

(A ∨B)⊥, B⊥,Γ⇒ A
R∨+

Γ⇒ A ∨B

can be derived in MJc in few steps.
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Translation in NC

Id
p, p⊥, ⊥⊥, ¬p⊥, (p ∨ ¬p)⊥ ` p↓

↓↑
p, p⊥, ⊥⊥, ¬p⊥, (p ∨ ¬p)⊥ ` p↑

⊥E
p, p⊥, ¬p⊥, (p ∨ ¬p)⊥ ` ⊥↑

⊃I
p⊥, ¬p⊥, (p ∨ ¬p)⊥ ` ¬p↑

⊥E
¬p⊥, (p ∨ ¬p)⊥ ` p↑

∨+I
· ` p ∨ ¬p↑

The rule

(A ∨B)⊥, B⊥,Γ ` A↑
∨+I

Γ ` A ∨B ↑

can be derived in NC in few steps.
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Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: dummett
(p ⊃ q) ∨ (q ⊃ p)

Derivation in MJcr

A0 = p ⊃ q
A1 = q ⊃ p
D = A0 ∨A1 = (p ⊃ q) ∨ (q ⊃ p)

Ax
q; ·; p→0 p; q

Lf0
p, q ⇒ p; q

R⊃
p⇒ A1; q

Rest
p⇒ q;A1

R⊃· ⇒ A0;A1
R∨· ⇒ D; ·

1



Translation in MJc

A0 = p ⊃ q
A1 = q ⊃ p
D = A0 ∨A1 = (p ⊃ q) ∨ (q ⊃ p)

Ax
p, q, p⊥, q⊥, A⊥1 , D

⊥; p→0 p
LC0

p, q, p⊥, q⊥, A⊥1 , D
⊥ ⇒ p

RC
p, q, q⊥, A⊥1 , D

⊥ ⇒ p
R⊃

p, q⊥, A⊥1 , D
⊥ ⇒ A1

RC
p, A⊥1 , D

⊥ ⇒ q
R⊃

A⊥1 , D
⊥ ⇒ A0

R∨+

· ⇒ D

The rule

(A ∨B)⊥, B⊥,Γ⇒ A
R∨+

Γ⇒ A ∨B

can be derived in MJc in few steps.
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Translation in NC

A0 = p ⊃ q
A1 = q ⊃ p
D = A0 ∨A1 = (p ⊃ q) ∨ (q ⊃ p)

Id
p, q, p⊥, q⊥, A⊥1 , D

⊥ ` p↓
↓↑

p, q, p⊥, q⊥, A⊥1 , D
⊥ ` p↑

⊥E
p, q, q⊥, A⊥1 , D

⊥ ` p↑
⊃I

p, q⊥, A⊥1 , D
⊥ ` A1 ↑

⊥E
p, A⊥1 , D

⊥ ` q↑
⊃I

A⊥1 , D
⊥ ` A0 ↑

∨+I
· ` D↑

The rule

(A ∨B)⊥, B⊥,Γ ` A↑
∨+I

Γ ` A ∨B ↑

can be derived in NC in few steps.
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Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: doubleNeg
¬¬p ⊃ p

Derivation in MJcr

Ax·; ·; p→0 p;⊥
ReLf

p⇒ ⊥; p
R⊃· ⇒ ¬p; p L⊥·; ·;⊥ →1 p; ·

L⊃·; ·;¬¬p→1 p; ·
Lf1¬¬p⇒ p; ·
R⊃· ⇒ ¬¬p ⊃ p; ·

1



Translation in MJc

Ax
p, p⊥, ⊥⊥, ¬¬p; p→0 p

LC0

p, p⊥, ⊥⊥, ¬¬p⇒ p
RC

p, p⊥, ¬¬p⇒ ⊥
R⊃

p⊥, ¬¬p⇒ ¬p
L⊥

p⊥, ¬¬p;⊥ →1 p
L⊃

p⊥, ¬¬p;¬¬p→1 p
LC1¬¬p⇒ p

R⊃· ⇒ ¬¬p ⊃ p
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Translation in NC

Id
p⊥, ¬¬p ` ¬¬p↓

Id
p, p⊥, ⊥⊥, ¬¬p ` p↓

↓↑
p, p⊥, ⊥⊥, ¬¬p ` p↑

⊥E
p, p⊥, ¬¬p ` ⊥↑

⊃I
p⊥, ¬¬p ` ¬p↑

⊃E
p⊥, ¬¬p ` ⊥↓

⊥Ec¬¬p ` p↑
⊃I· ` ¬¬p ⊃ p↑
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Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: peirce
((p ⊃ q) ⊃ p) ⊃ p

Derivation in MJcr

A = (p ⊃ q) ⊃ p

Ax·; ·; p→0 p; q
ReLf

p⇒ q; p
R⊃· ⇒ p ⊃ q; p

Ax·; ·; p→0 p; ·
L⊃·; ·;A→0 p; ·

Lf0
A⇒ p; ·

R⊃· ⇒ A ⊃ p; ·

1



Translation in MJc

A = (p ⊃ q) ⊃ p

Ax
p, p⊥, q⊥, A; p→0 p

LC0

p, p⊥, q⊥, A⇒ p
RC

p, p⊥, A⇒ q
R⊃

p⊥, A⇒ p ⊃ q
Ax

p⊥, A; p→0 p
L⊃

p⊥, A;A→0 p
LC0

p⊥, A⇒ p
RC

A⇒ p
R⊃· ⇒ A ⊃ p

2



Translation in NC

A = (p ⊃ q) ⊃ p

Id
p⊥, A ` A↓

Id
p, p⊥, q⊥, A ` p↓

↓↑
p, p⊥, q⊥, A ` p↑

⊥E
p, p⊥, A ` q↑

⊃I
p⊥, A ` p ⊃ q↑

⊃E
p⊥, A ` p↓

↓↑
p⊥, A ` p↑

⊥E
A ` p↑

⊃I· ` A ⊃ p↑
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Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: deMorg

¬(p ∧ q) ⊃ (¬p ∨ ¬q)

Derivation in MJcr

A = ¬(p ∧ q)
B = ¬p ∨ ¬q

Ax·; ·; p→0 p;⊥, ¬q
Lf0

p⇒ p;⊥, ¬q

Ax
p; ·; q →0 q;⊥

ReLf
p, q ⇒ ⊥; q, ⊥

R⊃
p⇒ ¬q; q, ⊥

Rest
p⇒ q;⊥, ¬q

R∧
p⇒ p ∧ q;⊥, ¬q L⊥

p; ·;⊥ →1 ⊥;¬q
L⊃

p; ·;A→1 ⊥;¬q
Lf1

p, A⇒ ⊥;¬q
R⊃

A⇒ ¬p;¬q
R∨

A⇒ B; ·
R⊃· ⇒ A ⊃ B; ·

1



Translation in MJc

A = ¬(p ∧ q)
B = ¬p ∨ ¬q

Ax
p, p⊥, ⊥⊥, ¬q⊥, B⊥, A; p→0 p

LC0

p, p⊥, ⊥⊥, ¬q⊥, B⊥, A⇒ p
RC

p, ⊥⊥, ¬q⊥, B⊥, A⇒ p

Ax
p, q, q⊥, ⊥⊥, ¬q⊥, B⊥, A; q →0 q

LC0

p, q, q⊥, ⊥⊥, ¬q⊥, B⊥, A⇒ q
RC

p, q, q⊥, ⊥⊥, ¬q⊥, B⊥, A⇒ ⊥
R⊃

p, q⊥, ⊥⊥, ¬q⊥, B⊥, A⇒ ¬q
RC

p, ⊥⊥, ¬q⊥, B⊥, A⇒ q
R∧

p, ⊥⊥, ¬q⊥, B⊥, A⇒ p ∧ q
L⊥

p, ⊥⊥, ¬q⊥, B⊥, A;⊥ →1 ⊥
L⊃

p, ⊥⊥, ¬q⊥, B⊥, A;A→1 ⊥
LC1

p, ¬q⊥, B⊥, A⇒ ⊥
R⊃

¬q⊥, B⊥, A⇒ ¬p
R∨+

A⇒ B
R⊃· ⇒ A ⊃ B

The rule

(A ∨B)⊥, B⊥,Γ⇒ A
R∨+

Γ⇒ A ∨B

can be derived in MJc in few steps.
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Translation in NC

A = ¬(p ∧ q)
B = ¬p ∨ ¬q

Id
p, ⊥⊥, ¬q⊥, B⊥, A ` A↓

Id
p, p⊥, ⊥⊥, ¬q⊥, B⊥, A ` p↓

↓↑
p, p⊥, ⊥⊥, ¬q⊥, B⊥, A ` p↑

⊥E
p, ⊥⊥, ¬q⊥, B⊥, A ` p↑

Id
p, q, q⊥, ⊥⊥, ¬q⊥, B⊥, A ` q↓

↓↑
p, q, q⊥, ⊥⊥, ¬q⊥, B⊥, A ` q↑

⊥E
p, q, q⊥, ⊥⊥, ¬q⊥, B⊥, A ` ⊥↑

⊃I
p, q⊥, ⊥⊥, ¬q⊥, B⊥, A ` ¬q↑

⊥E
p, ⊥⊥, ¬q⊥, B⊥, A ` q↑

∧I
p, ⊥⊥, ¬q⊥, B⊥, A ` p ∧ q↑

⊃E
p, ⊥⊥, ¬q⊥, B⊥, A ` ⊥↓

⊥Ec

p, ¬q⊥, B⊥, A ` ⊥↑
⊃I

¬q⊥, B⊥, A ` ¬p↑
∨+I

A ` B ↑
⊃I· ` A ⊃ B ↑

The rule

(A ∨B)⊥, B⊥,Γ ` A↑
∨+I

Γ ` A ∨B ↑

can be derived in NC in few steps.

3



Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: exAppB

(((p ⊃ q) ⊃ p) ∧ (p ⊃ r)) ⊃ r

Derivation in MJcr

A = B0 ∧B1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
B0 = (p ⊃ q) ⊃ p
B1 = p ⊃ r

Ax·; ·; p→0 p; q, r
ReLf

p⇒ q; p, r
R⊃· ⇒ p ⊃ q; p, r

Ax·; ·; p→0 p; r
L⊃·; ·;B0 →0 p; r

Lf0
B0 ⇒ p; r

Ax·;B0; r →0 r; ·
L⊃·;B0;B1 →0 r; ·

L∧1·; ·;A→0 r; ·
Lf0

A⇒ r; ·
R⊃· ⇒ A ⊃ r; ·

1



Translation in MJc

A = B0 ∧B1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
B0 = (p ⊃ q) ⊃ p
B1 = p ⊃ r

r⊥, A;B0 B
L∧0

r⊥, A;AB

Ax
p, p⊥, q⊥, r⊥, B0; p→0 p

LC0

p, p⊥, q⊥, r⊥, B0 ⇒ p
RC

p, p⊥, r⊥, B0 ⇒ q
R⊃

p⊥, r⊥, B0 ⇒ p ⊃ q
Ax

p⊥, r⊥, B0; p→0 p
L⊃

p⊥, r⊥, B0;B0 →0 p
LC0

p⊥, r⊥, B0 ⇒ p
RC

r⊥, B0 ⇒ p.....................................................................
r⊥, A⇒ p

Ax
r⊥, A; r →0 r

L⊃
r⊥, A;B1 →0 r

L∧1

r⊥, A;A→0 r
LC0

r⊥, A⇒ r
RC

A⇒ r
R⊃· ⇒ A ⊃ r

2



Elimination of substitutions

A = B0 ∧B1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
B0 = (p ⊃ q) ⊃ p
B1 = p ⊃ r

Ax
p, p⊥, q⊥, r⊥, A; p→0 p

LC0

p, p⊥, q⊥, r⊥, A⇒ p
RC

p, p⊥, r⊥, A⇒ q
R⊃

p⊥, r⊥, A⇒ p ⊃ q
Ax

p⊥, r⊥, A; p→0 p
L⊃

p⊥, r⊥, A;B0 →0 p
L∧0

p⊥, r⊥, A;A→0 p
LC0

p⊥, r⊥, A⇒ p
RC

r⊥, A⇒ p
Ax

r⊥, A; r →0 r
L⊃

r⊥, A;B1 →0 r
L∧1

r⊥, A;A→0 r
LC0

r⊥, A⇒ r
RC

A⇒ r
R⊃· ⇒ A ⊃ r
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Translation in NC

A = B0 ∧B1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
B0 = (p ⊃ q) ⊃ p
B1 = p ⊃ r

Id
r⊥, A ` A↓

∧E1

r⊥, A ` B1 ↓

Id
p⊥, r⊥, A ` A↓

∧E0

p⊥, r⊥, A ` B0 ↓

Id
p, p⊥, q⊥, r⊥, A ` p↓

↓↑
p, p⊥, q⊥, r⊥, A ` p↑

⊥E
p, p⊥, r⊥, A ` q↑

⊃I
p⊥, r⊥, A ` p ⊃ q↑

⊃E
p⊥, r⊥, A ` p↓

↓↑
p⊥, r⊥, A ` p↑

⊥E
r⊥, A ` p↑

⊃E
r⊥, A ` r↓

↓↑
r⊥, A ` r↑

⊥E
A ` r↑

⊃I· ` A ⊃ r↑
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Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: gabbayOli1

((c ⊃ a) ∧ ((c ⊃ a) ⊃ c)) ⊃ a

Derivation in MJcr

A0 = c ⊃ a
A1 = A0 ⊃ c = (c ⊃ a) ⊃ c
A = A0 ∧A1 = (c ⊃ a) ∧ ((c ⊃ a) ⊃ c)

Ax·; ·; c→0 c; a
ReLf

c⇒ a; a, c
R⊃· ⇒ A0; a, c

Ax·; ·; c→0 c; a
L⊃·; ·;A1 →0 c; a

Lf0
A1 ⇒ c; a

Ax·;A1; a→0 a; ·
L⊃·;A1;A0 →0 a; ·

L∧0·; ·;A→0 a; ·
Lf0

A⇒ a; ·
R⊃· ⇒ A ⊃ a; ·

1



Translation in MJc

A0 = c ⊃ a
A1 = A0 ⊃ c = (c ⊃ a) ⊃ c
A = A0 ∧A1 = (c ⊃ a) ∧ ((c ⊃ a) ⊃ c)

a⊥, A;A1 B
L∧1

a⊥, A;AB

Ax
c, a⊥, c⊥, A1; c→0 c

LC0

c, a⊥, c⊥, A1 ⇒ c
RC

c, a⊥, c⊥, A1 ⇒ a
R⊃

a⊥, c⊥, A1 ⇒ A0

Ax
a⊥, c⊥, A1; c→0 c

L⊃
a⊥, c⊥, A1;A1 →0 c

LC0

a⊥, c⊥, A1 ⇒ c
RC

a⊥, A1 ⇒ c.................................................................
a⊥, A⇒ c

Ax
a⊥, A; a→0 a

L⊃
a⊥, A;A0 →0 a

L∧0

a⊥, A;A→0 a
LC0

a⊥, A⇒ a
RC

A⇒ a
R⊃· ⇒ A ⊃ a

2



Elimination of substitutions

A0 = c ⊃ a
A1 = A0 ⊃ c = (c ⊃ a) ⊃ c
A = A0 ∧A1 = (c ⊃ a) ∧ ((c ⊃ a) ⊃ c)

Ax
c, a⊥, c⊥, A; c→0 c

LC0

c, a⊥, c⊥, A⇒ c
RC

c, a⊥, c⊥, A⇒ a
R⊃

a⊥, c⊥, A⇒ A0

Ax
a⊥, c⊥, A; c→0 c

L⊃
a⊥, c⊥, A;A1 →0 c

L∧1

a⊥, c⊥, A;A→0 c
LC0

a⊥, c⊥, A⇒ c
RC

a⊥, A⇒ c
Ax

a⊥, A; a→0 a
L⊃

a⊥, A;A0 →0 a
L∧0

a⊥, A;A→0 a
LC0

a⊥, A⇒ a
RC

A⇒ a
R⊃· ⇒ A ⊃ a

3



Translation in NC

A0 = c ⊃ a
A1 = A0 ⊃ c = (c ⊃ a) ⊃ c
A = A0 ∧A1 = (c ⊃ a) ∧ ((c ⊃ a) ⊃ c)

Id
a⊥, A ` A↓

∧E0

a⊥, A ` A0 ↓

Id
a⊥, c⊥, A ` A↓

∧E1

a⊥, c⊥, A ` A1 ↓

Id
c, a⊥, c⊥, A ` c↓

↓↑
c, a⊥, c⊥, A ` c↑

⊥E
c, a⊥, c⊥, A ` a↑

⊃I
a⊥, c⊥, A ` A0 ↑

⊃E
a⊥, c⊥, A ` c↓

↓↑
a⊥, c⊥, A ` c↑

⊥E
a⊥, A ` c↑

⊃E
a⊥, A ` a↓

↓↑
a⊥, A ` a↑

⊥E
A ` a↑

⊃I· ` A ⊃ a↑

4



Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: gabbayOli2

(((((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))) ∧ (c ⊃ a)) ⊃ a

Derivation in MJcr

F1 = (b1 ⊃ a) ⊃ c
F2 = (b2 ⊃ a) ⊃ c
F3 = b1 ⊃ (b2 ⊃ c)
F = (F1 ∧ F2) ∧ F3 = (((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))
G = F ∧ (c ⊃ a) = ((((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))) ∧ (c ⊃ a)

Ax
F2; ·; b1 →0 b1; a, c

Lf0
b1, F2 ⇒ b1; a, c

Ax
b1; ·; b2 →0 b2; a, c

ReLf
b1, b2 ⇒ a; a, b2, c

R⊃
b1 ⇒ b2 ⊃ a; a, b2, c

Ax
b1; ·; c→0 c; a, b2

L⊃
b1; ·;F2 →0 c; a, b2

ReLf
b1, F2 ⇒ b2; a, c

Ax
b1, F2; ·; c→0 c; a

L⊃
b1, F2; ·; b2 ⊃ c→0 c; a

L⊃
b1, F2; ·;F3 →0 c; a

ReLf
b1, F3, F2 ⇒ a; a, c

R⊃
F3, F2 ⇒ b1 ⊃ a; a, c

Ax·;F3, F2; c→0 c; a
L⊃·;F3, F2;F1 →0 c; a

L∧0·;F3;F1 ∧ F2 →0 c; a
L∧0·; ·;F →0 c; a

Lf0
F ⇒ c; a

Ax·;F ; a→0 a; ·
L⊃·;F ; c ⊃ a→0 a; ·

L∧1·; ·;G→0 a; ·
Lf0

G⇒ a; ·
R⊃· ⇒ G ⊃ a; ·

1



Translation in MJc

F1 = (b1 ⊃ a) ⊃ c
F2 = (b2 ⊃ a) ⊃ c
F3 = b1 ⊃ (b2 ⊃ c)
F = (F1 ∧ F2) ∧ F3 = (((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))
G = F ∧ (c ⊃ a) = ((((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))) ∧ (c ⊃ a)

a⊥, G;F B
L∧0

a⊥, G;GB

a⊥, c⊥, F ;F2 B
L∧1

a⊥, c⊥, F ;F1 ∧ F2 B
L∧0

a⊥, c⊥, F ;F B

a⊥, c⊥, F ;F3 B
L∧1

a⊥, c⊥, F ;F B

Ax
b1, a

⊥, b⊥1 , c
⊥, F3, F2; b1 →0 b1

LC0

b1, a
⊥, b⊥1 , c

⊥, F3, F2 ⇒ b1
RC

b1, a
⊥, c⊥, F3, F2 ⇒ b1

Ax
b1, b2, a

⊥, b⊥2 , c
⊥, F3, F2; b2 →0 b2

LC0

b1, b2, a
⊥, b⊥2 , c

⊥, F3, F2 ⇒ b2
RC

b1, b2, a
⊥, b⊥2 , c

⊥, F3, F2 ⇒ a
R⊃

b1, a
⊥, b⊥2 , c

⊥, F3, F2 ⇒ b2 ⊃ a
Ax

b1, a
⊥, b⊥2 , c

⊥, F3, F2; c→0 c
L⊃

b1, a
⊥, b⊥2 , c

⊥, F3, F2;F2 →0 c
LC0

b1, a
⊥, b⊥2 , c

⊥, F3, F2 ⇒ c
RC

b1, a
⊥, c⊥, F3, F2 ⇒ b2

Ax
b1, a

⊥, c⊥, F3, F2; c→0 c
L⊃

b1, a
⊥, c⊥, F3, F2; b2 ⊃ c→0 c

L⊃
b1, a

⊥, c⊥, F3, F2;F3 →0 c
LC0

b1, a
⊥, c⊥, F3, F2 ⇒ c

RC
b1, a

⊥, c⊥, F3, F2 ⇒ a
R⊃

a⊥, c⊥, F3, F2 ⇒ b1 ⊃ a................................................................................................................................................................
a⊥, c⊥, F ⇒ b1 ⊃ a

Ax
a⊥, c⊥, F ; c→0 c

L⊃
a⊥, c⊥, F ;F1 →0 c

L∧0

a⊥, c⊥, F ;F1 ∧ F2 →0 c
L∧0

a⊥, c⊥, F ;F →0 c
LC0

a⊥, c⊥, F ⇒ c
RC

a⊥, F ⇒ c.................................................................................................................................................................................................................
a⊥, G⇒ c

Ax
a⊥, G; a→0 a

L⊃
a⊥, G; c ⊃ a→0 a

L∧1

a⊥, G;G→0 a
LC0

a⊥, G⇒ a
RC

G⇒ a
R⊃· ⇒ G ⊃ a

2



Elimination of substitutions

F1 = (b1 ⊃ a) ⊃ c
F2 = (b2 ⊃ a) ⊃ c
F3 = b1 ⊃ (b2 ⊃ c)
F = (F1 ∧ F2) ∧ F3 = (((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))
G = F ∧ (c ⊃ a) = ((((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))) ∧ (c ⊃ a)

Ax
b1, a

⊥, b⊥1 , c
⊥, G; b1 →0 b1

LC0

b1, a
⊥, b⊥1 , c

⊥, G⇒ b1
RC

b1, a
⊥, c⊥, G⇒ b1

Ax
b1, b2, a

⊥, b⊥2 , c
⊥, G; b2 →0 b2

LC0

b1, b2, a
⊥, b⊥2 , c

⊥, G⇒ b2
RC

b1, b2, a
⊥, b⊥2 , c

⊥, G⇒ a
R⊃

b1, a
⊥, b⊥2 , c

⊥, G⇒ b2 ⊃ a
Ax

b1, a
⊥, b⊥2 , c

⊥, G; c→0 c
L⊃

b1, a
⊥, b⊥2 , c

⊥, G;F2 →0 c
L∧1

b1, a
⊥, b⊥2 , c

⊥, G;F1 ∧ F2 →0 c
L∧0

b1, a
⊥, b⊥2 , c

⊥, G;F →0 c
L∧0

b1, a
⊥, b⊥2 , c

⊥, G;G→0 c
LC0

b1, a
⊥, b⊥2 , c

⊥, G⇒ c
RC

b1, a
⊥, c⊥, G⇒ b2

Ax
b1, a

⊥, c⊥, G; c→0 c
L⊃

b1, a
⊥, c⊥, G; b2 ⊃ c→0 c

L⊃
b1, a

⊥, c⊥, G;F3 →0 c
L∧1

b1, a
⊥, c⊥, G;F →0 c

L∧0

b1, a
⊥, c⊥, G;G→0 c

LC0

b1, a
⊥, c⊥, G⇒ c

RC
b1, a

⊥, c⊥, G⇒ a
R⊃

a⊥, c⊥, G⇒ b1 ⊃ a
Ax

a⊥, c⊥, G; c→0 c
L⊃

a⊥, c⊥, G;F1 →0 c
L∧0

a⊥, c⊥, G;F1 ∧ F2 →0 c
L∧0

a⊥, c⊥, G;F →0 c
L∧0

a⊥, c⊥, G;G→0 c
LC0

a⊥, c⊥, G⇒ c
RC

a⊥, G⇒ c
Ax

a⊥, G; a→0 a
L⊃

a⊥, G; c ⊃ a→0 a
L∧1

a⊥, G;G→0 a
LC0

a⊥, G⇒ a
RC

G⇒ a
R⊃· ⇒ G ⊃ a

3



Translation in NC

F1 = (b1 ⊃ a) ⊃ c
F2 = (b2 ⊃ a) ⊃ c
F3 = b1 ⊃ (b2 ⊃ c)
F = (F1 ∧ F2) ∧ F3 = (((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))
G = F ∧ (c ⊃ a) = ((((b1 ⊃ a) ⊃ c) ∧ ((b2 ⊃ a) ⊃ c)) ∧ (b1 ⊃ (b2 ⊃ c))) ∧ (c ⊃ a)

Id
a⊥, G ` G↓

∧E1

a⊥, G ` c ⊃ a↓

Id
a⊥, c⊥, G ` G↓

∧E0

a⊥, c⊥, G ` F ↓
∧E0

a⊥, c⊥, G ` F1 ∧ F2 ↓
∧E0

a⊥, c⊥, G ` F1 ↓

Id
b1, a

⊥, c⊥, G ` G↓
∧E0

b1, a
⊥, c⊥, G ` F ↓

∧E1

b1, a
⊥, c⊥, G ` F3 ↓

Id
b1, a

⊥, b⊥1 , c
⊥, G ` b1 ↓

↓↑
b1, a

⊥, b⊥1 , c
⊥, G ` b1 ↑

⊥E
b1, a

⊥, c⊥, G ` b1 ↑
⊃E

b1, a
⊥, c⊥, G ` b2 ⊃ c↓

Id
b1, a

⊥, b⊥2 , c
⊥, G ` G↓

∧E0

b1, a
⊥, b⊥2 , c

⊥, G ` F ↓
∧E0

b1, a
⊥, b⊥2 , c

⊥, G ` F1 ∧ F2 ↓
∧E1

b1, a
⊥, b⊥2 , c

⊥, G ` F2 ↓

Id
b1, b2, a

⊥, b⊥2 , c
⊥, G ` b2 ↓

↓↑
b1, b2, a

⊥, b⊥2 , c
⊥, G ` b2 ↑

⊥E
b1, b2, a

⊥, b⊥2 , c
⊥, G ` a↑

⊃I
b1, a

⊥, b⊥2 , c
⊥, G ` b2 ⊃ a↑

⊃E
b1, a

⊥, b⊥2 , c
⊥, G ` c↓

↓↑
b1, a

⊥, b⊥2 , c
⊥, G ` c↑

⊥E
b1, a

⊥, c⊥, G ` b2 ↑
⊃E

b1, a
⊥, c⊥, G ` c↓

↓↑
b1, a

⊥, c⊥, G ` c↑
⊥E

b1, a
⊥, c⊥, G ` a↑

⊃I
a⊥, c⊥, G ` b1 ⊃ a↑

⊃E
a⊥, c⊥, G ` c↓

↓↑
a⊥, c⊥, G ` c↑

⊥E
a⊥, G ` c↑

⊃E
a⊥, G ` a↓

↓↑
a⊥, G ` a↑

⊥E
G ` a↑

⊃I· ` G ⊃ a↑

4



Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: gabbayOli3

(((p ⊃ q) ⊃ p) ∧ (p ⊃ r)) ⊃ r

Derivation in MJcr

A = A0 ∧A1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
A0 = (p ⊃ q) ⊃ p
A1 = p ⊃ r

Ax·; ·; p→0 p; q, r
ReLf

p⇒ q; p, r
R⊃· ⇒ p ⊃ q; p, r

Ax·; ·; p→0 p; r
L⊃·; ·;A0 →0 p; r

Lf0
A0 ⇒ p; r

Ax·;A0; r →0 r; ·
L⊃·;A0;A1 →0 r; ·

L∧1·; ·;A→0 r; ·
Lf0

A⇒ r; ·
R⊃· ⇒ A ⊃ r; ·

1



Translation in MJc

A = A0 ∧A1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
A0 = (p ⊃ q) ⊃ p
A1 = p ⊃ r

r⊥, A;A0 B
L∧0

r⊥, A;AB

Ax
p, p⊥, q⊥, r⊥, A0; p→0 p

LC0

p, p⊥, q⊥, r⊥, A0 ⇒ p
RC

p, p⊥, r⊥, A0 ⇒ q
R⊃

p⊥, r⊥, A0 ⇒ p ⊃ q
Ax

p⊥, r⊥, A0; p→0 p
L⊃

p⊥, r⊥, A0;A0 →0 p
LC0

p⊥, r⊥, A0 ⇒ p
RC

r⊥, A0 ⇒ p.....................................................................
r⊥, A⇒ p

Ax
r⊥, A; r →0 r

L⊃
r⊥, A;A1 →0 r

L∧1

r⊥, A;A→0 r
LC0

r⊥, A⇒ r
RC

A⇒ r
R⊃· ⇒ A ⊃ r

2



Elimination of substitutions

A = A0 ∧A1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
A0 = (p ⊃ q) ⊃ p
A1 = p ⊃ r

Ax
p, p⊥, q⊥, r⊥, A; p→0 p

LC0

p, p⊥, q⊥, r⊥, A⇒ p
RC

p, p⊥, r⊥, A⇒ q
R⊃

p⊥, r⊥, A⇒ p ⊃ q
Ax

p⊥, r⊥, A; p→0 p
L⊃

p⊥, r⊥, A;A0 →0 p
L∧0

p⊥, r⊥, A;A→0 p
LC0

p⊥, r⊥, A⇒ p
RC

r⊥, A⇒ p
Ax

r⊥, A; r →0 r
L⊃

r⊥, A;A1 →0 r
L∧1

r⊥, A;A→0 r
LC0

r⊥, A⇒ r
RC

A⇒ r
R⊃· ⇒ A ⊃ r

3



Translation in NC

A = A0 ∧A1 = ((p ⊃ q) ⊃ p) ∧ (p ⊃ r)
A0 = (p ⊃ q) ⊃ p
A1 = p ⊃ r

Id
r⊥, A ` A↓

∧E1

r⊥, A ` A1 ↓

Id
p⊥, r⊥, A ` A↓

∧E0

p⊥, r⊥, A ` A0 ↓

Id
p, p⊥, q⊥, r⊥, A ` p↓

↓↑
p, p⊥, q⊥, r⊥, A ` p↑

⊥E
p, p⊥, r⊥, A ` q↑

⊃I
p⊥, r⊥, A ` p ⊃ q↑

⊃E
p⊥, r⊥, A ` p↓

↓↑
p⊥, r⊥, A ` p↑

⊥E
r⊥, A ` p↑

⊃E
r⊥, A ` r↓

↓↑
r⊥, A ` r↑

⊥E
A ` r↑

⊃I· ` A ⊃ r↑

4



Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: gabbayOli4

((a ⊃ b) ⊃ b) ⊃ (¬a ⊃ b)

Derivation in MJcr

F = (a ⊃ b) ⊃ b
G = ¬a ⊃ b

Ax·; ·; a→0 a; b
ReLf

a⇒ b; a, b
R⊃· ⇒ a ⊃ b; a, b

Ax·; ·; b→0 b; a
L⊃·; ·;F →0 b; a

ReLf
F ⇒ a; b

L⊥
F ; ·;⊥ →1 b; ·

L⊃
F ; ·;¬a→1 b; ·

Lf1¬a, F ⇒ b; ·
R⊃

F ⇒ G; ·
R⊃· ⇒ F ⊃ G; ·

1



Translation in MJc

F = (a ⊃ b) ⊃ b
G = ¬a ⊃ b

Ax
a, a⊥, b⊥, ¬a, F ; a→0 a

LC0

a, a⊥, b⊥, ¬a, F ⇒ a
RC

a, a⊥, b⊥, ¬a, F ⇒ b
R⊃

a⊥, b⊥, ¬a, F ⇒ a ⊃ b
Ax

a⊥, b⊥, ¬a, F ; b→0 b
L⊃

a⊥, b⊥, ¬a, F ;F →0 b
LC0

a⊥, b⊥, ¬a, F ⇒ b
RC

b⊥, ¬a, F ⇒ a
L⊥

b⊥, ¬a, F ;⊥ →1 b
L⊃

b⊥, ¬a, F ;¬a→1 b
LC1¬a, F ⇒ b

R⊃
F ⇒ G

R⊃· ⇒ F ⊃ G

2



Translation in NC

F = (a ⊃ b) ⊃ b
G = ¬a ⊃ b

Id
b⊥, ¬a, F ` ¬a↓

Id
a⊥, b⊥, ¬a, F ` F ↓

Id
a, a⊥, b⊥, ¬a, F ` a↓

↓↑
a, a⊥, b⊥, ¬a, F ` a↑

⊥E
a, a⊥, b⊥, ¬a, F ` b↑

⊃I
a⊥, b⊥, ¬a, F ` a ⊃ b↑

⊃E
a⊥, b⊥, ¬a, F ` b↓

↓↑
a⊥, b⊥, ¬a, F ` b↑

⊥E
b⊥, ¬a, F ` a↑

⊃E
b⊥, ¬a, F ` ⊥↓

⊥Ec¬a, F ` b↑
⊃I

F ` G↑
⊃I· ` F ⊃ G↑

3



Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: or1

((p0 ⊃ q) ∧ (p1 ⊃ q)) ⊃ ((p0 ∨ p1) ⊃ q)

Derivation in MJcr

A = A0 ∧A1 = (p0 ⊃ q) ∧ (p1 ⊃ q)
A0 = p0 ⊃ q
A1 = p1 ⊃ q
B = C ⊃ q = (p0 ∨ p1) ⊃ q
C = p0 ∨ p1

Ax
A1; ·; p0 →0 p0; q

Lf0
p0, A1 ⇒ p0; q

Ax·; ·; p1 →0 p1; p0, q
Lf0

p1 ⇒ p1; p0, q
Ax

p1; ·; q →0 q; p0
L⊃

p1; ·;A1 →0 q; p0
ReLf

p1, A1 ⇒ p0; q
L∨

A1; ·;C →0 p0; q
Lf0

A1, C ⇒ p0; q
Ax

C;A1; q →0 q; ·
L⊃

C;A1;A0 →0 q; ·
L∧0

C; ·;A→0 q; ·
Lf0

A, C ⇒ q; ·
R⊃

A⇒ B; ·
R⊃· ⇒ A ⊃ B; ·

1



Translation in MJc

A = A0 ∧A1 = (p0 ⊃ q) ∧ (p1 ⊃ q)
A0 = p0 ⊃ q
A1 = p1 ⊃ q
B = C ⊃ q = (p0 ∨ p1) ⊃ q
C = p0 ∨ p1

q⊥, A, C;A1 B
L∧1

q⊥, A, C;AB

Ax
p0, p

⊥
0 , q

⊥, A1, C; p0 →0 p0
LC0

p0, p
⊥
0 , q

⊥, A1, C ⇒ p0
RC

p0, p
⊥
0 , q

⊥, A1, C ⇒ p0

Ax
p1, p

⊥
0 , p

⊥
1 , q

⊥, A1, C; p1 →0 p1
LC0

p1, p
⊥
0 , p

⊥
1 , q

⊥, A1, C ⇒ p1
RC

p1, p
⊥
0 , q

⊥, A1, C ⇒ p1
Ax

p1, p
⊥
0 , q

⊥, A1, C; q →0 q
L⊃

p1, p
⊥
0 , q

⊥, A1, C;A1 →0 q
LC0

p1, p
⊥
0 , q

⊥, A1, C ⇒ q
RC

p1, p
⊥
0 , q

⊥, A1, C ⇒ p0
L∨

p⊥0 , q
⊥, A1, C;C →0 p0

LC0

p⊥0 , q
⊥, A1, C ⇒ p0

RC
q⊥, A1, C ⇒ p0...............................................................................................

q⊥, A, C ⇒ p0
Ax

q⊥, A, C; q →0 q
L⊃

q⊥, A, C;A0 →0 q
L∧0

q⊥, A, C;A→0 q
LC0

q⊥, A, C ⇒ q
RC

A, C ⇒ q
R⊃

A⇒ B
R⊃· ⇒ A ⊃ B

2



Elimination of substitutions

A = A0 ∧A1 = (p0 ⊃ q) ∧ (p1 ⊃ q)
A0 = p0 ⊃ q
A1 = p1 ⊃ q
B = C ⊃ q = (p0 ∨ p1) ⊃ q
C = p0 ∨ p1

Ax
p0, p

⊥
0 , q

⊥, A, C; p0 →0 p0
LC0

p0, p
⊥
0 , q

⊥, A, C ⇒ p0
RC

p0, p
⊥
0 , q

⊥, A, C ⇒ p0

Ax
p1, p

⊥
0 , p

⊥
1 , q

⊥, A, C; p1 →0 p1
LC0

p1, p
⊥
0 , p

⊥
1 , q

⊥, A, C ⇒ p1
RC

p1, p
⊥
0 , q

⊥, A, C ⇒ p1
Ax

p1, p
⊥
0 , q

⊥, A, C; q →0 q
L⊃

p1, p
⊥
0 , q

⊥, A, C;A1 →0 q
L∧1

p1, p
⊥
0 , q

⊥, A, C;A→0 q
LC0

p1, p
⊥
0 , q

⊥, A, C ⇒ q
RC

p1, p
⊥
0 , q

⊥, A, C ⇒ p0
L∨

p⊥0 , q
⊥, A, C;C →0 p0

LC0

p⊥0 , q
⊥, A, C ⇒ p0

RC
q⊥, A, C ⇒ p0

Ax
q⊥, A, C; q →0 q

L⊃
q⊥, A, C;A0 →0 q

L∧0

q⊥, A, C;A→0 q
LC0

q⊥, A, C ⇒ q
RC

A, C ⇒ q
R⊃

A⇒ B
R⊃· ⇒ A ⊃ B

3



Translation in NC

A = A0 ∧A1 = (p0 ⊃ q) ∧ (p1 ⊃ q)
A0 = p0 ⊃ q
A1 = p1 ⊃ q
B = C ⊃ q = (p0 ∨ p1) ⊃ q
C = p0 ∨ p1

Id
q⊥, A, C ` A↓

∧E0

q⊥, A, C ` A0 ↓

Id
p⊥0 , q

⊥, A, C ` C ↓

Id
p0, p

⊥
0 , q

⊥, A, C ` p0 ↓
↓↑

p0, p
⊥
0 , q

⊥, A, C ` p0 ↑
⊥E

p0, p
⊥
0 , q

⊥, A, C ` p0 ↑

Id
p1, p

⊥
0 , q

⊥, A, C ` A↓
∧E1

p1, p
⊥
0 , q

⊥, A, C ` A1 ↓

Id
p1, p

⊥
0 , p

⊥
1 , q

⊥, A, C ` p1 ↓
↓↑

p1, p
⊥
0 , p

⊥
1 , q

⊥, A, C ` p1 ↑
⊥E

p1, p
⊥
0 , q

⊥, A, C ` p1 ↑
⊃E

p1, p
⊥
0 , q

⊥, A, C ` q↓
↓↑

p1, p
⊥
0 , q

⊥, A, C ` q↑
⊥E

p1, p
⊥
0 , q

⊥, A, C ` p0 ↑
∨E

p⊥0 , q
⊥, A, C ` p0 ↑

⊥E
q⊥, A, C ` p0 ↑

⊃E
q⊥, A, C ` q↓

↓↑
q⊥, A, C ` q↑

⊥E
A, C ` q↑

⊃I
A ` B ↑

⊃I· ` A ⊃ B ↑

4



Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: or2

((p ∨ q) ⊃ r) ⊃ (p ∨ (q ⊃ r))

Derivation in MJcr

A = (p ∨ q) ⊃ r
B = p ∨ (q ⊃ r)

Ax·; ·; q →0 q; p, r
ReLf

q ⇒ p; p, q, r
R∨

q ⇒ p ∨ q; p, r
Ax

q; ·; r →0 r; p
L⊃

q; ·;A→0 r; p
Lf0

q, A⇒ r; p
R⊃

A⇒ q ⊃ r; p
Rest

A⇒ p; q ⊃ r
R∨

A⇒ B; ·
R⊃· ⇒ A ⊃ B; ·

1



Translation in MJc

A = (p ∨ q) ⊃ r
B = p ∨ (q ⊃ r)

Ax
q, p⊥, q⊥, r⊥, (q ⊃ r)⊥, (p ∨ q)⊥, B⊥, A; q →0 q

LC0

q, p⊥, q⊥, r⊥, (q ⊃ r)⊥, (p ∨ q)⊥, B⊥, A⇒ q
RC

q, p⊥, q⊥, r⊥, (q ⊃ r)⊥, (p ∨ q)⊥, B⊥, A⇒ p
R∨+

q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A⇒ p ∨ q
Ax

q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A; r →0 r
L⊃

q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A;A→0 r
LC0

q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A⇒ r
RC

q, p⊥, (q ⊃ r)⊥, B⊥, A⇒ r
R⊃

p⊥, (q ⊃ r)⊥, B⊥, A⇒ q ⊃ r
RC

(q ⊃ r)⊥, B⊥, A⇒ p
R∨+

A⇒ B
R⊃· ⇒ A ⊃ B

The rule

(A ∨B)⊥, B⊥,Γ⇒ A
R∨+

Γ⇒ A ∨B

can be derived in MJc in few steps.
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Translation in NC

A = (p ∨ q) ⊃ r
B = p ∨ (q ⊃ r)

Id
q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A ` A↓

Id
q, p⊥, q⊥, r⊥, (q ⊃ r)⊥, (p ∨ q)⊥, B⊥, A ` q↓

↓↑
q, p⊥, q⊥, r⊥, (q ⊃ r)⊥, (p ∨ q)⊥, B⊥, A ` q↑

⊥E
q, p⊥, q⊥, r⊥, (q ⊃ r)⊥, (p ∨ q)⊥, B⊥, A ` p↑

∨+I
q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A ` p ∨ q↑

⊃E
q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A ` r↓

↓↑
q, p⊥, r⊥, (q ⊃ r)⊥, B⊥, A ` r↑

⊥E
q, p⊥, (q ⊃ r)⊥, B⊥, A ` r↑

⊃I
p⊥, (q ⊃ r)⊥, B⊥, A ` q ⊃ r↑

⊥E
(q ⊃ r)⊥, B⊥, A ` p↑

∨+I
A ` B ↑

⊃I· ` A ⊃ B ↑

The rule

(A ∨B)⊥, B⊥,Γ ` A↑
∨+I

Γ ` A ∨B ↑

can be derived in NC in few steps.

3



Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: or3

(p ∧ (p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))))) ⊃ c

Derivation in MJcr

A = p ⊃ B = p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b)))
B = B0 ∧B1 = (a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))
B0 = a ⊃ c
B1 = C0 ∧ C1 = (b ⊃ c) ∧ (a ∨ b)
C0 = b ⊃ c
C1 = a ∨ b
H = p ∧A = p ∧ (p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))))

Ax·; ·; p→0 p; c
Lf0

p⇒ p; c

Ax
p, C0; ·; a→0 a; c

Lf0
a, p, C0 ⇒ a; c

Ax
p; ·; b→0 b; a, c

Lf0
b, p⇒ b; a, c

Ax
b, p; ·; c→0 c; a

L⊃
b, p; ·;C0 →0 c; a

ReLf
b, p, C0 ⇒ a; c

L∨
p;C0;C1 →0 a; c

L∧1
p; ·;B1 →0 a; c

Lf0
p, B1 ⇒ a; c

Ax·; p, B1; c→0 c; ·
L⊃·; p, B1;B0 →0 c; ·

L∧0·; p;B →0 c; ·
L⊃·; p;A→0 c; ·

L∧1·; ·;H →0 c; ·
Lf0

H ⇒ c; ·
R⊃· ⇒ H ⊃ c; ·

1



Translation in MJc

A = p ⊃ B = p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b)))
B = B0 ∧B1 = (a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))
B0 = a ⊃ c
B1 = C0 ∧ C1 = (b ⊃ c) ∧ (a ∨ b)
C0 = b ⊃ c
C1 = a ∨ b
H = p ∧A = p ∧ (p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))))

c⊥, H; pB
L∧0

c⊥, H;H B

Ax
p, c⊥, p⊥; p→0 p

LC0

p, c⊥, p⊥ ⇒ p
RC

p, c⊥ ⇒ p............................................
c⊥, H ⇒ p

c⊥, H; pB
L∧0

c⊥, H;H B

Ax
p, c⊥, p⊥; p→0 p

LC0

p, c⊥, p⊥ ⇒ p
RC

p, c⊥ ⇒ p............................................
c⊥, H ⇒ p

c⊥, H;B1 B
L∧1

c⊥, H;B B
L⊃

c⊥, H;AB
L∧1

c⊥, H;H B

c⊥, H; pB
L∧0

c⊥, H;H B

p, a⊥, c⊥, B1;C0 B
L∧0

p, a⊥, c⊥, B1;B1 B

Ax
a, p, a⊥, c⊥, C0; a→0 a

LC0

a, p, a⊥, c⊥, C0 ⇒ a
RC

a, p, a⊥, c⊥, C0 ⇒ a..................................................................
a, p, a⊥, c⊥, B1 ⇒ a

p, a⊥, c⊥, B1;C0 B
L∧0

p, a⊥, c⊥, B1;B1 B

Ax
b, p, a⊥, b⊥, c⊥, C0; b→0 b

LC0

b, p, a⊥, b⊥, c⊥, C0 ⇒ b
RC

b, p, a⊥, c⊥, C0 ⇒ b
Ax

b, p, a⊥, c⊥, C0; c→0 c
L⊃

b, p, a⊥, c⊥, C0;C0 →0 c
LC0

b, p, a⊥, c⊥, C0 ⇒ c
RC

b, p, a⊥, c⊥, C0 ⇒ a..........................................................................................
b, p, a⊥, c⊥, B1 ⇒ a

L∨
p, a⊥, c⊥, B1;C1 →0 a

L∧1

p, a⊥, c⊥, B1;B1 →0 a
LC0

p, a⊥, c⊥, B1 ⇒ a
RC

p, c⊥, B1 ⇒ a.............................................................................................................................................................
c⊥, H ⇒ a

Ax
c⊥, H; c→0 c

L⊃
c⊥, H;B0 →0 c

L∧0

c⊥, H;B →0 c
L⊃

c⊥, H;A→0 c
L∧1

c⊥, H;H →0 c
LC0

c⊥, H ⇒ c
RC

H ⇒ c
R⊃· ⇒ H ⊃ c

2



Elimination of substitutions

A = p ⊃ B = p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b)))
B = B0 ∧B1 = (a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))
B0 = a ⊃ c
B1 = C0 ∧ C1 = (b ⊃ c) ∧ (a ∨ b)
C0 = b ⊃ c
C1 = a ∨ b
H = p ∧A = p ∧ (p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))))

Ax
c⊥, p⊥, H; p→0 p

L∧0

c⊥, p⊥, H;H →0 p
LC0

c⊥, p⊥, H ⇒ p
RC

c⊥, H ⇒ p

Ax
a⊥, c⊥, p⊥, H; p→0 p

L∧0

a⊥, c⊥, p⊥, H;H →0 p
LC0

a⊥, c⊥, p⊥, H ⇒ p
RC

a⊥, c⊥, H ⇒ p

Ax
a, a⊥, c⊥, H; a→0 a

LC0

a, a⊥, c⊥, H ⇒ a
RC

a, a⊥, c⊥, H ⇒ a

Ax
b, a⊥, c⊥, p⊥, H; p→0 p

L∧0

b, a⊥, c⊥, p⊥, H;H →0 p
LC0

b, a⊥, c⊥, p⊥, H ⇒ p
RC

b, a⊥, c⊥, H ⇒ p

Ax
b, a⊥, b⊥, c⊥, H; b→0 b

LC0

b, a⊥, b⊥, c⊥, H ⇒ b
RC

b, a⊥, c⊥, H ⇒ b
Ax

b, a⊥, c⊥, H; c→0 c
L⊃

b, a⊥, c⊥, H;C0 →0 c
L∧0

b, a⊥, c⊥, H;B1 →0 c
L∧1

b, a⊥, c⊥, H;B →0 c
L⊃

b, a⊥, c⊥, H;A→0 c
L∧1

b, a⊥, c⊥, H;H →0 c
LC0

b, a⊥, c⊥, H ⇒ c
RC

b, a⊥, c⊥, H ⇒ a
L∨

a⊥, c⊥, H;C1 →0 a
L∧1

a⊥, c⊥, H;B1 →0 a
L∧1

a⊥, c⊥, H;B →0 a
L⊃

a⊥, c⊥, H;A→0 a
L∧1

a⊥, c⊥, H;H →0 a
LC0

a⊥, c⊥, H ⇒ a
RC

c⊥, H ⇒ a
Ax

c⊥, H; c→0 c
L⊃

c⊥, H;B0 →0 c
L∧0

c⊥, H;B →0 c
L⊃

c⊥, H;A→0 c
L∧1

c⊥, H;H →0 c
LC0

c⊥, H ⇒ c
RC

H ⇒ c
R⊃· ⇒ H ⊃ c

3



Translation in NC

A = p ⊃ B = p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b)))
B = B0 ∧B1 = (a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))
B0 = a ⊃ c
B1 = C0 ∧ C1 = (b ⊃ c) ∧ (a ∨ b)
C0 = b ⊃ c
C1 = a ∨ b
H = p ∧A = p ∧ (p ⊃ ((a ⊃ c) ∧ ((b ⊃ c) ∧ (a ∨ b))))

Id
c⊥, H ` H ↓

∧E1

c⊥, H ` A↓

Id
c⊥, p⊥, H ` H ↓

∧E0

c⊥, p⊥, H ` p↓
↓↑

c⊥, p⊥, H ` p↑
⊥E

c⊥, H ` p↑
⊃E

c⊥, H ` B ↓
∧E0

c⊥, H ` B0 ↓

Id
a⊥, c⊥, H ` H ↓

∧E1

a⊥, c⊥, H ` A↓

Id
a⊥, c⊥, p⊥, H ` H ↓

∧E0

a⊥, c⊥, p⊥, H ` p↓
↓↑

a⊥, c⊥, p⊥, H ` p↑
⊥E

a⊥, c⊥, H ` p↑
⊃E

a⊥, c⊥, H ` B ↓
∧E1

a⊥, c⊥, H ` B1 ↓
∧E1

a⊥, c⊥, H ` C1 ↓

Id
a, a⊥, c⊥, H ` a↓

↓↑
a, a⊥, c⊥, H ` a↑

⊥E
a, a⊥, c⊥, H ` a↑

Id
b, a⊥, c⊥, H ` H ↓

∧E1

b, a⊥, c⊥, H ` A↓

Id
b, a⊥, c⊥, p⊥, H ` H ↓

∧E0

b, a⊥, c⊥, p⊥, H ` p↓
↓↑

b, a⊥, c⊥, p⊥, H ` p↑
⊥E

b, a⊥, c⊥, H ` p↑
⊃E

b, a⊥, c⊥, H ` B ↓
∧E1

b, a⊥, c⊥, H ` B1 ↓
∧E0

b, a⊥, c⊥, H ` C0 ↓

Id
b, a⊥, b⊥, c⊥, H ` b↓

↓↑
b, a⊥, b⊥, c⊥, H ` b↑

⊥E
b, a⊥, c⊥, H ` b↑

⊃E
b, a⊥, c⊥, H ` c↓

↓↑
b, a⊥, c⊥, H ` c↑

⊥E
b, a⊥, c⊥, H ` a↑

∨E
a⊥, c⊥, H ` a↑

⊥E
c⊥, H ` a↑

⊃E
c⊥, H ` c↓

↓↑
c⊥, H ` c↑

⊥E
H ` c↑

⊃I· ` H ⊃ c↑
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Derivations built by mjc

Warning

Multisets are represented as sets (formulas are not duplicated) and dots denote
empty multisets; ¬A abbreviates A ⊃ ⊥.

Formula label: or4

(((p ∧ q) ∨ (p ∧ ¬q)) ∨ (¬p ∧ q)) ∨ (¬p ∧ ¬q)

Derivation in MJcr

E = E2 ∨D3 = (((p ∧ q) ∨ (p ∧ ¬q)) ∨ (¬p ∧ q)) ∨ (¬p ∧ ¬q)
E2 = E1 ∨D2 = ((p ∧ q) ∨ (p ∧ ¬q)) ∨ (¬p ∧ q)
E1 = D0 ∨D1 = (p ∧ q) ∨ (p ∧ ¬q)
D0 = p ∧ q
D1 = p ∧ ¬q
D2 = ¬p ∧ q
D3 = ¬p ∧ ¬q

Ax·; ·; p→0 p;⊥, D1, D2
ReLf

p⇒ ⊥; p, D1, D2
R⊃· ⇒ ¬p; p, D1, D2

Ax
q; ·; p→0 p;⊥, D1

ReLf
p, q ⇒ ⊥; p, ⊥, D1

R⊃
q ⇒ ¬p; p, ⊥, D1

Ax·; ·; q →0 q; p, ⊥, D1
Lf0

q ⇒ q; p, ⊥, D1
R∧

q ⇒ D2; p, ⊥, D1
Rest

q ⇒ ⊥; p, D1, D2
R⊃· ⇒ ¬q; p, D1, D2
R∧· ⇒ D3; p, D1, D2

Rest· ⇒ p;D1, D2, D3

Ax·; ·; p→0 p; q, ⊥
Lf0

p⇒ p; q, ⊥

Ax
p; ·; q →0 q;⊥

ReLf
p, q ⇒ ⊥; q, ⊥

R⊃
p⇒ ¬q; q, ⊥

R∧
p⇒ D1; q, ⊥

Rest
p⇒ ⊥; q, ⊥, D1

R⊃
p⇒ ¬p; q, ⊥, D1

Ax·; ·; p→0 p; q, ⊥
Lf0

p⇒ p; q, ⊥

Ax
p; ·; q →0 q;⊥

ReLf
p, q ⇒ ⊥; q, ⊥

R⊃
p⇒ ¬q; q, ⊥

R∧
p⇒ D1; q, ⊥

Rest
p⇒ q; q, ⊥, D1

R∧
p⇒ D2; q, ⊥, D1

Rest
p⇒ ⊥; q, D1, D2

R⊃· ⇒ ¬p; q, D1, D2

Ax·; ·; q →0 q;⊥, D1, D2
ReLf

q ⇒ ⊥; q, D1, D2
R⊃· ⇒ ¬q; q, D1, D2
R∧· ⇒ D3; q, D1, D2

Rest· ⇒ q;D1, D2, D3
R∧· ⇒ D0;D1, D2, D3

R∨· ⇒ E1;D2, D3
R∨· ⇒ E2;D3

R∨· ⇒ E; ·

1



Translation in MJc

E = E2 ∨D3 = (((p ∧ q) ∨ (p ∧ ¬q)) ∨ (¬p ∧ q)) ∨ (¬p ∧ ¬q)
E2 = E1 ∨D2 = ((p ∧ q) ∨ (p ∧ ¬q)) ∨ (¬p ∧ q)
E1 = D0 ∨D1 = (p ∧ q) ∨ (p ∧ ¬q)
D0 = p ∧ q
D1 = p ∧ ¬q
D2 = ¬p ∧ q
D3 = ¬p ∧ ¬q

Ax
p, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; p→0 p

LC0

p, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ p
RC

p, p⊥, D⊥1 , D
⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ⊥

R⊃
p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ¬p

Ax
p, q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; p→0 p

LC0

p, q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ p
RC

p, q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ⊥
R⊃

q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ¬p

Ax
q, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; q →0 q

LC0

q, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ q
RC

q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ q
R∧

q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ D2
RC

q, p⊥, D⊥1 , D
⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ⊥

R⊃
p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ¬q

R∧
p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ D3

RC
D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ p

Ax
p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; p→0 p

LC0

p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ p
RC

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ p

Ax
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; q →0 q

LC0

p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ q
RC

p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ⊥
R⊃

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ¬q
R∧

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ D1
RC

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ⊥
R⊃

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ¬p

Ax
p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; p→0 p

LC0

p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ p
RC

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ p

Ax
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; q →0 q

LC0

p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ q
RC

p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ⊥
R⊃

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ ¬q
R∧

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ D1
RC

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ q
R∧

p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ D2
RC

p, q⊥, D⊥1 , D
⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ⊥

R⊃
q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ¬p

Ax
q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥; q →0 q

LC0

q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ⇒ q
RC

q, q⊥, D⊥1 , D
⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ⊥

R⊃
q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ ¬q

R∧
q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ D3

RC
D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ q

R∧
D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ⇒ D0

R∨+

D⊥2 , D
⊥
3 , E

⊥
2 , E⊥ ⇒ E1

R∨+

D⊥3 , E
⊥ ⇒ E2

R∨+

· ⇒ E

The rule

(A ∨B)⊥, B⊥,Γ⇒ A
R∨+

Γ⇒ A ∨B

can be derived in MJc in few steps.
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Translation in NC

E = E2 ∨D3 = (((p ∧ q) ∨ (p ∧ ¬q)) ∨ (¬p ∧ q)) ∨ (¬p ∧ ¬q)
E2 = E1 ∨D2 = ((p ∧ q) ∨ (p ∧ ¬q)) ∨ (¬p ∧ q)
E1 = D0 ∨D1 = (p ∧ q) ∨ (p ∧ ¬q)
D0 = p ∧ q
D1 = p ∧ ¬q
D2 = ¬p ∧ q
D3 = ¬p ∧ ¬q

Id
p, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↓

↓↑
p, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↑

⊥E
p, p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ⊥↑

⊃I
p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ¬p↑

Id
p, q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↓

↓↑
p, q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↑

⊥E
p, q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ⊥↑

⊃I
q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ¬p↑

Id
q, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↓

↓↑
q, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↑

⊥E
q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↑

∧I
q, p⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` D2 ↑

⊥E
q, p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ⊥↑

⊃I
p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ¬q↑

∧I
p⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` D3 ↑

⊥E
D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` p↑

Id
p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↓

↓↑
p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↑

⊥E
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↑

Id
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↓

↓↑
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↑

⊥E
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ⊥↑

⊃I
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ¬q↑

∧I
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` D1 ↑

⊥E
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ⊥↑

⊃I
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ¬p↑

Id
p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↓

↓↑
p, p⊥, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↑

⊥E
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` p↑

Id
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↓

↓↑
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↑

⊥E
p, q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ⊥↑

⊃I
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` ¬q↑

∧I
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` D1 ↑

⊥E
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↑

∧I
p, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` D2 ↑

⊥E
p, q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ⊥↑

⊃I
q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ¬p↑

Id
q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↓

↓↑
q, q⊥, ⊥⊥, D⊥1 , D⊥2 , D⊥3 , E⊥1 , E⊥2 , E⊥ ` q↑

⊥E
q, q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ⊥↑

⊃I
q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` ¬q↑

∧I
q⊥, D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` D3 ↑

⊥E
D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` q↑

∧I
D⊥1 , D

⊥
2 , D

⊥
3 , E

⊥
1 , E⊥2 , E⊥ ` D0 ↑

∨+I
D⊥2 , D

⊥
3 , E

⊥
2 , E⊥ ` E1 ↑

∨+I
D⊥3 , E

⊥ ` E2 ↑
∨+I

· ` E ↑

The rule

(A ∨B)⊥, B⊥,Γ ` A↑
∨+I

Γ ` A ∨B ↑

can be derived in NC in few steps.
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